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In this paper, we will critically discuss recent theoretical and experimental developments on 
the transport of one dimensional quantum systems. In particular, we will focus on open is- 
sues and controversial results related to the finite temperature dynamics of integrable quantum 
models. These singular systems are commonly used in the description of quasi-one dimensional 
materials. They have recently attracted a lot of interest in connection to the interpretation of 
experiments, specially after the discovery of unusual thermal conductivity in magnetic com- 
pounds . 
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1. An old story 

In 1834 J. Scott-Russel observed 1 a "singular and 
beautiful phenomenon" in the form of "a large solitary 
elevation... which continued his course along the chan- 
nel apparently without change of form or diminution 
of speed...". This phenomenon recently resurfaced in a 
quantum version remaining as exciting as well, as we will 
discuss extensively in this paper, singular. 

Its mathematical description was formulated some 
years later by Korteweg and de Vries 2 who proposed a 
one dimensional classical nonlinear wave equation to de- 
scribe it. This equation (so called KdV) has nonlinear so- 
lutions in the form of localized, nondispersing waves. But 
it was only in the 1960's, with the development of large 
scale computer simulations 3 on dynamical systems, that 
it was realized that not only a single solitary wave solu- 
tion was stable but that a set of "solitary waves" enter- 
ing into collision they emerge after the collision with un- 
changed velocities and shapes and only suffering a phase 
shift. 

Soon after this discovery, an impressive mathemati- 
cal theory was proposed - the Inverse Scattering Method 
(ISM) - that solves the problem of time evolution of an 
initial configuration in an classical nonlinear but inte- 
grable system by a series of linear operations. In other 
words, this procedure is the analogue of the Fourier 
Transform for linear systems. 4 Within this theory it was 
also discovered that integrable systems are characterized 
by a macroscopic number of conservation laws that we 
believe are the key to their singular transport properties. 

At this point we should mention a distinction between 
systems with, (i) "topological" solitons (the stability of 
which is guaranteed by topological constraints) that in 
general do not exhibit particular transport properties 
and, (ii) "mathematical" solitons, the stability of which is 
guaranteed by the very specific structure of the Hamilto- 
nian describing them. 5 A possible source of confusion are 
systems as the sine-Gordon theory (classical and quan- 
tum) that are integrable but they also possess topological 
excitations. 



The paradigm of classical integrable systems finds now- 
days applications in all branches of science and engineer- 
ing. We will just mention the example of nonlinear op- 
tics where the coding and transmission of information 
is by optical solitons in fibers described by the nonlin- 
ear Schrodinger equation, 6 a classical integrable model. 
A key issue for applications, and as we will discuss below 
also for quantum ones, is the robustness of dissipationless 
transport to perturbations that destroy the integrability 
of the underlying system. 

2. The quantum world 

In parallel to these developments, the first quantum 
integrable system was discovered by H. Bethe in 1931 7 
who proposed an exact form for the eigenfunctions and 
eigenvalues for the prototype spin- 1/2 one dimensional 
isotropic Heisenberg model. Over the years, a partic- 
ular technique was developed, the Bethe ansatz (BA) 
method, that allows to extract physical information from 
the rather complex eigenfunctions for a large class of 
quantum integrable models; for instance the Heisenberg, 
Hubbard, supersymmetric t-J model, 8,9 to cite a few 
examples of interest in the field of Condensed Matter 
Physics. At the moment we can say that the thermo- 
dynamic properties of these models can analytically be 
studied and compared to experiment but that the finite 
temperature dynamic correlations, most relevant e.g. to 
transport experiments, are not easy to handle. 

In a key development in 1979, by L. Fadeev and collab- 
orators, it was realized that the Bethe ansatz method is 
nothing else but a quantum version of the ISM and thus 
there is a close analogy between classical and quantum 
integrable systems. 8 In particular, they have developed a 
similar method, the Quantum Inverse Scattering Method 
(QISM). Within this formalism, it can be shown that the 
quantum systems are also characterized by a macroscopic 
number of conservation laws, that can be systematically 
constructed. 

A fundamental issue emerging from this analogy, and 
being a driving force in this field, is the extent to which 
the physics and applications of classical integrable sys- 
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terns can be carried over to the the quantum ones, for 
instance in the context of unconventional transport prop- 
erties of (quasi-) one dimensional materials described by 
quantum integrablc Hamiltonians. 

3. Framework 

Most of the studies on transport properties of one di- 
mensional quantum many body systems over the last few 
years were within the linear response theory (Kubo for- 
malism 10 ). One fundamental quantity that attracted par- 
ticular attention is the Drude weight D, defined as the 
weight of the zero-frequency contribution to the real part 
of the conductivity, 

a'(u) = 2ttDS(lu) + a reg (bj > 0) 

or cquivalently as the pre-factor of the reactive response 
<t"(uj) = D/u^^o at low frequencies. As it follows from 
this definition, a finite D implies a ballistic response. 
Note also for further use, that the d.c. conductivity is 
given by the lo — > limit of the regular part, a dc = 

<7 reg (uj -> 0). 

The Drude weight was first proposed by W. Kohn in 
1964 as a criterion of metallic or insulating behavior in 
the context of the Mott-Hubbard transition. 11 In partic- 
ular, it was related to the response of the ground state 
energy, of a system with periodic boundary conditions 
forming a ring, to a fictitious flux <j> piercing the ring. 

Recently, the Kohn expression for the Drude weight 
was generalized at finite temperature 12 T. It is currently 
extensively studied in order to characterize the conduc- 
tion of a system as ideal (ballistic - dissipationless) or dif- 
fusive. In an alternative, perhaps more physical, interpre- 
tation it can be shown that it is essentially proportional 
to the long time asymptotic value of the (e.g. charge, 
spin or energy) current-current correlations. 13 The be- 
havior of the Drude weight, although a seemingly simple 
quantity, still defies reliable characterization in several 
integrable models that have been studied so far. This 
is because it is not a thermodynamic quantity and thus 
difficult to analyze within known analytical methods. 

Similarly, a thermal Drude weight D t h can be defined 
that characterizes the thermal conductivity k(ui) and it 
is proportional to the long time asymptotic of the energy 
current-energy current dynamic correlations. 

The finite frequency behavior of the conductivity is 
still more involved and most known results are based 
on low energy effective theories of the Hamiltonians of 
interest or numerical simulations; for instance, variants 
of Exact Diagonalization (ED) via the Lanczos proce- 
dure (for a recent technique see the Microcanonical Lanc- 
zos Method 14 and references therein) and the Quantum 
Monte Carlo method. 15 ' 16 

The numerical results are however limited to rather 
small size lattices considering the exponentially fast in- 
creasing number of states in quantum many body sys- 
tems. This implies, on the one hand, limitations on the 
information that can be extracted on the long time, 
cquivalently low frequency - u>, behavior of the conduc- 
tivities. On the other hand, it also implies limitations 
on the smallest wave- vector - q correlations, of the order 
of 1/L, that can be evaluated. Thus it is difficult to ex- 
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Fig. 1. Illustration of typical behavior of the conductivity in a 
nonintegrable - generic - system showing normal transport. 

plore the q, w — > region, relevant to the hydrodynamic 
regime. Notice for instance, that any finite size system 
shows a nonzero Drude weight (as there is always a part 
of coherent transport in such a system), that however 
scales to zero in the thermodynamic limit if the system 
shows normal transport. From this observation we can 
also conclude that in numerical simulations it is more 
advantageous and reliable to study the high tempera- 
ture limit where we expect a relevant "mean free path" 
to be shorter, hopefully less, than the size of the lattice. 

We should also mention a recent, promising develop- 
ment, where by the Density Matrix Re- normalization 
Group method 17 (that has been proven so successful in 
the study of ground state properties) the time evolution 
of an initial state can evaluated on fairly large size lat- 
tices. Further development of this method might give ac- 
cess at the finite temperature, out-of equilibrium dynam- 
ics of one dimensional quantum lattice systems. 

So we conclude that it remains crucial, in this field of 
strongly correlated systems, the development of reliable 
numerical simulation techniques for the study of finite 
temperature dynamic correlations. As they are related 
to transport are the most interesting for making contact 
with experiment. 

4. A conjecture 

A few years ago, 12 ' 18 ' 19 it was conjectured that inte- 
grable quantum many body systems show fundamentally 
different finite temperature transport properties than the 
- generic - nonintegrable ones. According to the common 
scenario, illustrated in Fig. 1, a normal metallic system, 
with no disorder, at zero temperature, shows a finite 
Drude weight D and thus a diverging d.c. conductivity. 
As the temperature rises, due to Umklapp scattering, the 
zero-frequency Drude S— function broadens to a peak of 
width of order 1/t where r is a characteristic scattering 
time. Thus a finite d.c. conductivity Udc is obtained that 
decreases with increasing temperature and decreasing r. 

In contrast, as it is illustrated in Fig. 2, in an integrable 
system this broadening with temperature does not oc- 
cur. The Drude weight remains finite at all temperatures, 
but with a nontrivial temperature dependence. Thus the 
system remains an ideal conductor, exhibiting ballistic 
transport at all T. Note that we are concerned with the 
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Fig. 2. Illustration of typical behavior of the conductivity in an 
integrable system showing ballistic transport at all temperatures. 



conductivity of bulk systems. Finite systems with bound- 
aries would show a vanishing D and a d.c. conductivity 
proportional to the scattering by the boundaries. 

Two main issues, arising in relation to this conjecture, 
are debated at the moment. 

First, it was proposed that even nonintegrable sys- 
tems might also show ballistic transport at finite T; 20 ~ 22 
evidence so far indicates that it is probably not the 
case. To appreciate the difficulty of this question, note 
that despite extensive studies over the years in classi- 
cal nonlinear one dimensional systems, it is still debated 
whether the thermal conductivity might be diverging 23 
even in nonintegrable ones. In particular, in several non- 
integrable models, it was found that although the Drudc 
weight (long time asymptotic of current correlations) 
vanishes, the integral over time of the dynamic correla- 
tion (that gives the d.c. conductivity) diverges with sys- 
tem size. Furthermore, the simulations were carried over 
on systems with thousands of lattice sites, that indicates 
the subtlety of the scaling procedure. 

Second, it is unclear whether an integrable model in 
the gapped phase (insulating) at zero temperature (e.g. 
half-filled Hubbard, easy-axis S — 1/2 Heisenberg, non- 
linear a model) turns to an ideal conductor or a normal 
metal at finite temperatures. 15 ' 24-30 

Finally, we want to remark that although most of the 
studies focused on the behavior of the Drude weight, it 
still possible that D might vanish but the low frequency 
behavior of the conductivity will turn out to be uncon- 
ventional, e.g. power law, implying a diverging d.c. con- 
ductivity or of a non-diffusive form. 

5. Three Heisenberg models 

Spin models are prototype quantum many body sys- 
tems that offer the possibility to test the above conjec- 
ture. Their study is also relevant in the interpretation 
of experiments in quasi-one dimensional magnetic com- 
pounds. 

In this section we will discuss the transport behavior 
of three one dimensional spin models, (i) one integrable, 
the 5=1/2 Heisenberg chain and (ii) two nonintegrable 
ones, the S — 1 and 5 = 1/2 2-leg ladder systems. We 
will focus on open issues and discuss contradictions in 
the results obtained by different approaches. 



5.1 S=l/2 
The Hamiltonian is given by the generic form, 



H = jJ2(S?S?+i + SfSf +1 + AS?S? +1 ), (1) 



where 5f are components of 5 = 1/2 operators at site i 
and we consider the, J > 0, anti-ferromagnetic regime. 
For |A| < 1, the "easy-plane" case, the spectrum is gap- 
less, while for A > 1, the "easy-axis" case, it is gapped. 
By a Jordan- Wigner transformation, this spin model is 
equivalent to a spinless fermion system with hopping —t 
and nearest-neighbor interaction V; the correspondence 
of parameters is A/ J = V/2t. The model is integrable 
and its Bethe ansatz algebraic structure 8 and thermo- 
dynamic properties have been extensively studied. 9 Re- 
garding the finite temperature dynamics, the picture on 
the spin conductivity is still debated while the thermal 
one is rather clear. 

First, it is easy to show that indeed this integrable sys- 
tem can exhibit ideal (ballistic) transport at all tempera- 
tures by using the fact that it is characterized by nontriv- 
ial conservation laws. In particular, it was shown, 13 using 
an inequality proposed by Mazur and Suzuki, 31 that D 
at high temperatures, (3 — 1/kbT — > 0, is bounded by 
the "overlap" of the spin current operator j z with at least 
the first nontrivial conservation law Q3 as (m =< 5f >), 



D{T) > 



a < fQz > 2 

2L <Q\> 
1 8A 2 m 2 (l/4 



m 2 ) 



(2) 



2fc B Tl + 8A 2 (l/4 + m 2 )' 



This idea, although very powerful in proving that such 
a state - ideal conductor at all temperatures - exists, it 
provides at the moment a rather incomplete picture of 
the behavior of D. Indeed, we see from Eq. (2) that the 
r.h.s. vanishes at A = 0, the point that corresponds to 
the XY model, where we know that the spin current 
commutes with H and thus D is finite. Also, at mag- 
netization ttl = 0, the r.h.s. also vanishes according to 
Eq. (2) while independent BA 32,33 and numerical evalu- 
ations 16 ' 21 ' 24 ' 34 show that it is finite in the A < 1 regime. 
The same conclusion holds even including all conserva- 
tion laws derived from the algebraic structure of this 
integrable model 8 as it can be seen by invoking their 
"electron- hole" symmetry. 13 

Regarding the BA calculation 32 at m = 0, it is based 
on the assumption of a "rigid string" picture for the ex- 
citations proposed by Fujimoto and Kawakami 25 in the 
context of the Hubbard model; notice that it can be done 
at the special values of A = cos(7r/^), v =integer. It 
predicted a nonzero D for |A| < 1 with a power law be- 
havior at low temperatures as it can be seen in Fig. 3. In 
particular: 

• at zero magnetization, in the easy plane anti- 
ferromagnetic regime (0 < A < 1), the Drude 
weight decreases at low temperatures as D(T) — 
D - const.T", a = 2/(v-l), A = cos(tt/i/); 

• in the ferromagnetic regime, — 1 < A < 0, D(T) 
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Fig. 3. Temperature dependence of the Drude weight 32 for the 
S = 1/2 Heisenberg chain model and different values of the 
anisotropy parameter A. 

decreases quadratically with temperature (as in a 
noninteracting, XY-system) ; 

• the same low temperature quadratic behavior is true 
at any finite magnetization; 

• for (i — > 0, D{T) = pCjj and it can be shown that 
D(— A) = -D(A) by applying a unitary transforma- 
tion; 

• a closed expression for Cjj has be obtained ana- 
lytically 33 Cjj = {tt/u - 0.5sin(27r/i/))/(167r/i/) for 
|A| < 1, while C j:j = for A > 1; 

• at the isotropic anti- ferromagnetic point (A = 1), 
D(T) seems to vanish, implying non ballistic trans- 
port at all finite temperatures. 

The above low temperature behavior for |A| < 1 is 
challenged by an alternative BA "spinon" approach, 33 
QMC simulations 16 and an effective field theory ap- 
proach, 22 although all agree on a finite D in this regime. 
On this disagreement, we can comment that, in the QMC 
simulations the temperature is very low (so as to obtain 
reliable real time data from imaginary time ones) of the 
order of the level spacing and thus not necessarily in 
the bulk regime - level spacing much less than T. Sec- 
ond, in effective field theories the dispersion relation is 
linearized and it is not clear whether curvature effects 
might affect the temperature behavior of D; note that, 
for free fermions on a lattice, D decreases as T 2 at low 
T while with a linearized dispersion is constant. 

Regarding low energy effective theories, the canonical 
approach to one dimensional quantum systems, the Lut- 
tinger liquid theory, was applied to transport. 35 In the 
context of this approach, it was recently stressed the im- 
portance of, (i) conservation laws 36 in altering the behav- 
ior of transport - from diffusive to ballistic - and, (ii) cor- 
rectly accounting perturbations irrelevant to thermody- 
namics but crucial for transport. 37 We should emphasize 
that it remains an outstanding problem, first, to match 
the descriptions in terms of the original (non)integrable 
Hamiltonian and its effective field theory, second, to ac- 
count for curvature effects and, third, to trace the fate of 
conservation laws - present at all energies in BA systems 
- to low energies. 
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Fig. 4. Low frequency conductivity 27 in the gapped regime of the 
5 = 1/2 Heisenberg model, A/J = V/2t; I is the integrated in 
frequency conductivity. 

For A > 1 the Heisenberg model is gapped and thus 
D = at zero temperature. Numerical evidence in the 
(3 — > limit 27 (shown in Fig. 4) and Bethe ansatz an- 
alytical results 32,33 suggest that D remains zero at all 
temperatures. The data follow from Exact Diagonaliza- 
tion calculations for the smallest systems and the Micro- 
canonical Lanczos method (MCLM) for the largest ones, 
while FM denotes a frequency moment analysis. Note the 
crucial role of the MCLM technique in extracting suf- 
ficient information from the conductivity spectra. Very 
large finite size effects are observed in the low frequency 
behavior of the conductivity that scale as 1/L and the 
significance of which is not clear at the moment. It is 
interesting to examine whether they signify an uncon- 
ventional low frequency-small wave- vector behavior that 
is not of the standard diffusive form. They also render 
particularly difficult the analysis of the bulk system con- 
ductivity and the extraction, if there is one, of a value for 
the d.c. conductivity. Also note that, one cannot exclude 
the convergence of the finite frequency peak to a Drudc 
S— function in the thermodynamic limit, although such 
a scenario is rather unlikely. We should remind that a 
semi-classical theory for gapped systems by Sachdev and 
collaborators predicts a normal diffusive behavior. 28 

Finally, we will conclude with some open questions re- 
lated to the issue of conservation laws and transport. 
From the Mazur inequality one could argue that the pres- 
ence of only one conserved quantity is enough to guar- 
antee a finite D and that integrability is not a necessary 
condition. However, there are arguments that, at least 
within the BA systems, the presence of one conservation 
law guarantees the existence of a macroscopic number. 
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Notice that for the 5 = 1/2 Heisenberg 38 and the Hub- 
bard model 39 the conservation laws can be constructed 
recursively using a "boost" operator. Conversely, from 
the case m = 0, it is not clear that the conservation laws, 
in the context of the Mazur-Suzuki (in)equality, exhausts 
the Drude weight or even that the presence of at least 
one is necessary for a finite D. Finally, on this problem, 
we can also argue that if the BA analysis 32 turns out to 
be valid and D shows a non-analytic behavior at A = 1, 
then one, or a finite number of conservation laws within 
the Mazur inequality cannot reproduce this behavior. 

Concerning energy transport the situation is far more 
clear and simple. It was early on realized 40,41 that the 
energy current in the 5 = 1/2 Heisenberg model com- 
mutes with the Hamiltonian, at it happens to coincide 
with the so-called Qs conservation law in the BA analy- 
sis. Thus it follows that the energy current correlations 
do not decay in time and thus the thermal conductivity 
diverges. The "thermal Drude weight" has been exactly 
evaluated using Bethe ansatz techniques 42 for all values 
of the anisotropy A. 

Based on the same idea, of a commuting energy cur- 
rent with the Hamiltonian, we finally mention a magneto- 
thermal effect that has recently been proposed. 43 In this 
phenomenon, a spin current would flow in the presence 
of a temperature gradient and a magnetic field, a phe- 
nomenon analogous to the thermoelectric effect for elec- 
tronic systems. The study, using ED and QMC methods, 
found a diverging transport coefficient resulting from the 
conservation of the energy current. 

5.2 S=l 

A natural question coming up is, what about the trans- 
port behavior of the same Heisenberg model Eq. (1) but 
for higher spin, e.g. 5 = 1, that is not an integrable 
model. The 5=1 case is known to be a gapped sys- 
tem 44 and thus an insulator at T — with D = 0. 

Its low energy physics is described by the quantum 
nonlinear a- model (qNLcrM). A scmiclassical treatment 
of this effective theory by Sachdev and collaborators, 45 
that essentially maps this system to a classical gas of dif- 
ferent species impenetrable particles, concluded to dif- 
fusive dynamics. Note, that the classical model is also 
integrable and can be analytically solved. On the other 
hand, as the nonlinear a model is also an integrable field 
theory, the Bethe ansatz method has been applied 29 ' 30 
but there it was concluded that the Drude weight is fi- 
nite and thus the transport ballistic. This discrepancy 
raises the question whether, within the qNLcM model 
description, subtle quantum effects due the finite tun- 
neling of the quasi-particles alter the transport behavior 
from diffusive to ballistic. 

Motivated by this problem and the theoretical and 
experimental interest for the dynamics of 5 = 1 com- 
pounds, a numerical simulation in the high temperature 
limit 46 was performed. It indicates that both the spin 
and energy conductivities have finite d.c. values. The fre- 
quency dependence of the data however do not seem to 
fit a standard Lorcnzian/diffusivc form. The results for 
h{lo) and <t(uj) are shown in Fig. 6 and 7 respectively. It 
became possible to obtain them for the largest lattices 
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Fig. 5. Scaling of the thermal Drude weight D t ^ for the 5 = 1 
Heisenberg spin chain model. 46 




Fig. 6. Thermal conductivity of the 5 = 1 Heisenberg isotropic 
spin chain model in the high temperature limit 46 




Fig. 7. Spin conductivity of the 5=1 Heisenberg isotropic spin 
chain model in the high temperature limit. 46 
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after the development of the MCLM that allows to reach 
as low frequencies as possible and minimize statistical 
noise due to finite size effects. 

But first, the value of the Drude weight in the ther- 
modynamic limit must be deduced as shown in Fig. 5. 
On this point, we should mention that finite tempera- 
ture data might create some confusion because, at low 
temperatures, for systems with an even number of sites, 
the Drude weight seems to scale upwards with increasing 
system size while at high temperatures it seems to scale 
downwards, to zero. This observation could lead to the 
suggestion that the transport is ballistic in this nonintc- 
grable system. We think however, that the low tempera- 
ture data should be considered with care as the crossing 
point in temperature where the scaling direction reverses 
moves to lower temperatures with increasing system size. 
Thus the region of temperature where the scaling is up- 
wards will shrink to zero in the thermodynamic limit. 
Also note that in lattices with an odd number of sites 
D t h scales downwards to zero at all T. 

The conclusion that in the 5 = 1 isotropic Heisen- 
berg model the d.c. conductivities are finite means that 
either the assumptions in the BA analysis of the nonlin- 
ear a model are not warranted or that in the truncation 
from the full 5 = 1 model to the effective one, relevant 
for transport terms are omitted that turn the diffusive 
transport to ballistic. 

We should also emphasize the drastic difference, as 
seen by comparing Fig. 4 and Fig. 7, in the finite size de- 
pendence of the low frequency conductivity between the 
integrable S = 1/2 Heisenberg model for A > 1 and the 
5 = 1 model, both gapped systems. In the 5 — 1 system, 
finite size effects are limited to exponentially small, with 
system size L } frequencies while in the 5 = 1/2 to al/L 
frequency range. Although both might converge to a fi- 
nite d.c. conductivity, the significance of this difference 
in scaling is an open issue at the moment. 

5.3 S=l/2 2-leg ladder 

The next question that must be addressed is the ro- 
bustness of ideal transport of an integrable system to per- 
turbations breaking integrability. Namely, whether the 
presence of an integrable point in interaction parameter 
space is signaled by an enhanced conductivity and this 
over a finite region and not an infinitesimal one, e.g. one 
that shrinks to zero as the system size increases to the 
bulk limit. 

In this context, frustrated spin chain and ladder mod- 
els have been studied 20 ' 21 by numerical diagonalization 
techniques with conclusions that are still debated, al- 
though it seems that the intcgrability-transport conjec- 
ture seems to hold. However, we should keep in mind 
that the conclusions are drawn from numerical studies on 
rather small size lattices and thus extreme care is needed 
in drawing definite conclusions for the bulk system; no 
exact results are known so far. 

A system on which the question of robustness can be 
studied is the 5=1/2 2-leg ladder model described by 
the Hamiltonian, 
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where 5f are components of 5 = 1/2 operators at 
site i and we consider the, J > 0, anti-ferromagnetic 
regime. The interchain coupling J± controls the pertur- 
bation breaking the integrability of the separate Heisen- 
berg chains. Indeed, for J± — > the two chains decouple 
and the thermal conductivity of the ladder is the sum 
of the conductivities of each chain, that diverge as the 
energy current of the Heisenberg chain model commutes 
with the Hamiltonian. 

This model is also of experimental interest as the finite 
temperature transport of several compounds described 
by this Hamiltonian are recently investigated. The low 
energy physics of this gapped system is also described by 
the nonlinear a model and extensive studies 28 ' 47 based 
on this approach have been performed. In particular, the 
analysis by Sachdev and collaborators concluded to a 
fairly complete picture of diffusive dynamics. 

A recent numerical simulation study in the high tem- 
perature limit, 48 again using the MCLM, also indicates 
a finite d.c. thermal conductivity as shown in Fig. 8. 
The frequency dependence, as in the 5 = 1 model, does 
not seem to conform to a diffusive form. Furthermore, as 
shown in the inset, the d.c. thermal conductivity scales as 
(J/Ji) 2 , diverging as it should in the limit of decoupled 
chains. This result is interesting because, first, it indi- 
cates that the influence of an integrable point (Jj_ = 0) 
extends to a finite, of order one, region in interaction pa- 
rameter space and, second, the quadratic dependence on 
the interaction is similar to that expected from a per- 
turbative result. Notice however that the perturbation 
now is around not an independent particle system, but 
around a fully interacting, albeit integrable, one. 

Thus the conclusion of a finite d.c. conductivity at high 
temperatures does not contradict the semiclassical treat- 
ment of the qNLtrM at low temperatures, but the same 
problematic as the one for the 5=1 model applies in 
this case. 
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6. A new mode of transport 

Quasi-one dimensional materials have been synthe- 
sized and experimentally studied since the 60's. Recently 
there has been renewed interest in their transport proper- 
ties as new materials where discovered - some in the class 
of cuprates - with very low disorder, very weak interchain 
coupling and extraordinary transport properties. 

In relation to the above theoretical developments we 
should mention the NMR experiments by Takigawa and 
Thurber 49 ' 50 on S = 1/2 compounds (e.g. Sr 2 Cu0 3 ) 
that show diffusive spin dynamics but with a diffusion 
constant orders of magnitude larger than that expected 
from a classical moment analysis. Similarly, the spin dy- 
namics of the 5 = 1 compound AgVP2Se has been in- 
vestigated, indicating diffusive behavior in this case, 51 at 
least at elevated temperatures. 

The phenomenon that attracted most interest rc- 
cently 52-57 is the strongly anisotropic and large in mag- 
nitude heat conductivity of quasi-one dimensional com- 
pounds attributed to magnetic excitations. These exper- 
iments where partly motivated by the prospect of bal- 
listic conductivity, as predicted for the S — 1/2 Heisen- 
berg model. Large thermal conductivities however were 
reported in ladder materials, e.g. (La, Sr, Ca) 14CU24O41. 
Note that the S = 1/2 Heisenberg chain compounds 
offer the unique possibility to analyze directly the ef- 
fect of spin-phonon scattering on thermal transport in a 
strongly interacting system as the spin-spin scattering is 
totally ineffective. 

Thus, in connection to these experiments, we can con- 
clude that: 

• They established a new, very efficient, mode of en- 
ergy transport through magnetic excitations, sim- 
ilar in magnitude to metals but in insulators; the 
reason is that the characteristic magnetic exchange 
couplings are in the eV range. 

• These novel materials have potential for technolog- 
ical applications. 

• They promote the study of prototype integrable 
models as the description of many of these com- 
pounds is in terms of, for example, the S = 
1/2 Heisenberg, Hubbard, sine-Gordon, nonlinear a 
model. 

7. Perspectives 

From the above discussion we can conclude with a se- 
ries of open issues and probable developments: 

• The transport properties of integrable models are 
bound to be exactly evaluated following the develop- 
ment of appropriate Bethe ansatz techniques. These 
models offer the unique possibility of an analytical 
solution and it is ironical that because of their solv- 
ability they also present unconventional transport 
properties. 

• The transport of low energy effective theories, some 
of them integrable models, is to be settled. 

• The connection of high energy integrable models to 
their low energy effective field theories is to be clar- 
ified. 



• Of fundamental interest for the interpretation of ex- 
periments and applications is the role of perturba- 
tions in breaking the ideal transport. Apparently 
unavoidable perturbations are phonons, disorder, in- 
terchain coupling. 

• New experimental systems for the study of one di- 
mensional quantum transport will be developed. For 
the time being magnetic compounds are the most 
promising, the electronic ones do not seem so ideal 
for fundamental studies. But work is in progress in 
developing artificial one dimensional structures as 
superlattices or self-assembled ID systems on sur- 
faces that will offer far more controllable systems 
for the study of quantum transport. 
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